Abstract. The widespread applicability of the multi-penalty regularization is limited by the fact that theoretically optimal rate of reconstruction for a given problem can be realized by a oneparameter counterpart, provided that relevant information on the problem is available and taken into account in the regularization. In this paper, we explore the situation, where no such information is given, but still accuracy of optimal order can be guaranteed by employing multi-penalty regularization. Our focus is on the analysis and the justification of an a posteriori parameter choice rule for such a regularization scheme. First we present a modified version of the discrepancy principle within the multi-penalty regularization framework. As a consequence we provide a theoretical justification to the multi-penalty regularization scheme equipped with the a posteriori parameter choice rule. We then establish a fast numerical realization of the proposed discrepancy principle based on a model function approximation. Finally, we provide extensive numerical results which confirm and support the theoretical estimates and illustrate the robustness and the superiority of the proposed scheme compared to the "classical" regularization methods.
1. Introduction. In recent years there has been a fast growing interest in studying multi-penalty regularization for solving inverse and ill-posed problems. In several inspiring applications such as image reconstruction, option pricing [7, 17] , reconstruction of the Earth gravity potential [28, 2] , multi-penalty regularization schemes have been successfully applied. Moreover, relevant theoretical results appeared in a few papers (see, for instance, [3, 4, 5, 9, 11, 14, 23] ). However, apart from recent promising results the widespread applicability of the multi-penalty regularization has remained questionable due to the fact that the theoretically optimal rate of reconstruction for a given problem can be realized by a one-parameter counterpart. One-parameter regularization is well-developed and proves to be particularly simple and effective, though only in the case when relevant information on a solution is provided. Precisely, in this case, the theory of inverse and ill-posed problems provides us with a concrete recipe how to measure the accuracy of the reconstruction.
It is well-known that the reconstruction accuracy depends on a noise model and on the smoothness of the solution. On the one hand, the noise model is provided together with the given data and cannot be changed. On the other hand, the smoothness can be measured in various spaces (see, for instance, [18] ), and depending on this, different bounds on the best possible approximation can be derived. Once this space is fixed, the general regularization theory provides us with the best possible error bound that can be achieved if the regularization is performed in the chosen space. Moreover, the theory promises us that this bound can be achieved in the framework of the one-parameter regularization [8, 16] .
However, one principal problem is left untouched: Who is going to tell us in which space we need to measure the smoothness of the unknown solution? Apparently, this principal question started to be discussed only recently and have not yet been systematically explored in regularization theory.
Differently from the "classical" works on regularization theory, we continue to investigate in this paper multi-penalty regularization, where one is given the freedom of performing the regularization in several spaces simultaneously with the goal of possibly achieving a better accuracy than given by an a priori fixed one-parameter counterpart. Definitely one of the leading ingredients for the optimal performance of multi-penalty regularization is an appropriate (a posteriori) choice of the multiple regularization parameters. This issue has been essentially studied in the framework of multi-parameter regularization in the papers [3, 11, 14] . However, as will be seen later, the theory developed in [11, 14] is not sufficient for multi-penalty regularization and need to be extended. The conceptually closest work [23] considers a heuristic parameter choice rule strategy, though it does not provide any theoretical justification. In this paper we will combine theoretical and heuristic concepts of the parameter choice strategies to justify the optimality of multi-penalty regularization equipped with an a posteriori parameter choice rule.
The rest of the paper is organized as follows: Section 2 is devoted to studying a multi-parameter discrepancy principle, the so-called discrepancy domain principle, as a parameter choice rule for multi-penalty regularization. We show that there exist many combinations of the regularization parameters satisfying the discrepancy principle which corresponds to a reconstruction accuracy of an optimal order. While the estimation of the discrepancy requires the computation of a solution relative to some parameters, which can be a demanding task, in Section 3 we replace the exact discrepancy by a locally approximating surrogate function of the parameters, which does not require the intermediate calculation of the corresponding solution. We show that the proposed model function approximation of the discrepancy domain leads to an efficient iterative algorithm for choosing the regularization parameters. The paper is concluded by extensive numerical experiments involving toy and simulated problems which clearly demonstrate that the proposed scheme allows us to achieve better results than the corresponding one-parameter competitor. Additionally, we demonstrate how the model function approximations can be profitably use to find a domain of the regularization parameters, which lead to the optimal order of the reconstruction accuracy.
Preliminaries.
As mentioned previously, we are in particular interested in the solution of a linear ill-posed problem (2.1) Ax = y where A : X → Y is a bounded linear operator between Hilbert spaces X and Y with a non-closed range R(A). We denote the inner product and the corresponding norm on the Hilbert spaces by ·, · and · respectively. In the sequel, we assume that the operator A is injective and y belongs to R(A) such that there exists a unique solution x † ∈ X of the equation (2.1). In general, the observed data is additionally corrupted by noise ξ (2.2)
where ξ ∈ Y, ξ ≤ δ, δ ∈ (0, 1). Due to non-closedness of R(A), the solution x † does not depend continuously on data and can be reconstructed in a stable way from y δ only by means of a regularization method [8] .
A well-known technique to stabilize an ill-posed problem is by Tikhonov-Phillips (TP) regularization, i.e., by minimizing the functional
The minimization has a unique solution
with α > 0 being the regularization parameter and I is the identity operator. Let us shortly recall that the accuracy of the reconstruction depends both on the noise model and on the smoothness of the solution. For regularization methods as (2.3) of the operator equation (2.1) in Hilbert spaces, the smoothness of x † is usually expressed in the form of the inclusion
, is called an index function which is assumed to be continuous, increasing, and such that t ϕ(t) is nondecreasing. Note that the condition of the type (2.5) is usually called the source condition (see, [19, 18] , for instance). Then the order of the best possible accuracy, which can be guaranteed within the framework of the given noise model for x δ α , is given as
where
) is assumed to be concave. This order is attainable at α = θ −1 ϕ (δ). Since ϕ(t) = ct is the best index function for which
is nondecreasing, the best guaranteed error for Tikhonov-Phillips regularization is known to be O(δ 2/3 ), regardless of the smoothness of the solution x † . On the other hand, this order can be potentially improved if one employs the original idea of Tikhonov [24] and changes the form of the penalty term in (2.3), namely instead of the identity operator I within the penalty term, an unbounded self-adjoint strictly positive operator B on the Hilbert space X is considered. In this case, the regularized solution x δ β,B is defined as the minimizer of the functional
over the domain D(B) of the operator B. However, the superiority of the latter regularization scheme over (2.3) has been theoretically justified only under the assumption that the operators A and B are related by the so-called link condition for which
where s > 0 and b ≥ 1 are some constants. Then Natterer [22] has shown that the regularized solutions x δ β,B converge towards the exact solution with the rate O(δ p p+s ) in the norm of X, if the regularization parameter β is chosen properly and if the exact solution x † satisfies an analog of the source condition formulated in terms of the operator B as follows
It is easily seen that under assumptions (2.7), (2.8), and p > 2s the best guaranteed error for Tikhonov regularization is better than the one guaranteed for TikhonovPhillips regularization.
However, the efficiency of Tikhonov regularization is limited by a serious bottleneck. Precisely, the theoretical superiority of x δ β,B is justified only under the link condition (2.7), which is sometimes hardly verifiable. At the same time, when the link condition is violated Tikhonov regularization may perform poorly, as it will be shown in the last section.
Since in reality we do not know the smoothness of x † , it is not clear which of the source conditions should be taken into account in the regularization and which of the one-parameter regularization methods is more suitable for a problem at hand. In the spirit of DeVore [6] , we require the blindness of the algorithms with respect to the conditions (of smoothness) on the solution (which is unknown!) for achieving optimal approximation.
In the recent paper [23] a new multi-penalty regularization scheme as an addresser of the above-mentioned problematic issue has been introduced. In this scheme one considers the multi-objective optimization of a functional of the form
X . We shall be interested to the choice of α, β for which corresponding minimizers (u δ α,β , v δ α,β ) are special Pareto optimal solutions [26] , matching the discrepancy principle (3.1) and (3.2) below. The minimizers u δ α,β and v δ α,β of (2.9) have the representation
and a reconstruction of the solution of interest x δ α,β is calculated then as the sum of these minimizers. For the sake of completeness, we recall a theorem in [23] , which shows the compensatory properties of multi-penalty regularization, in the sense that it performs similar to the best of the single-parameter regularization with the corresponding penalizing operator, either I or B.
Theorem 2.1. 3. Discrepancy Domain Principle. In order to provide a practical and theoretically justified rule for the choice of the optimal parameters as claimed in Theorem 2.1, we need here to extend the well-known theory of regularization for single parameter to multi-penalty regularization. Recall that for the single-parameter regularization schemes, such as (2.3)-(2.4), for example, the discrepancy principle [21] α DP = max{α : Ax δ α − y δ ≤ cδ}, c > 1, is theoretically justified to be an order-optimal parameter choice rule. Here and below we will follow the convention that the symbol c denotes a quantity that does not depend on α, β, δ and need not be the same at different occurrences.
Here we consider an extension of the classical discrepancy principle and look for a parameter set (α, β) satisfying the so-called discrepancy domain principle, i.e.,
For technical reasons, in the following proofs we shall mainly consider the discrepancy domain principle to be given in terms of the equality, namely
whereas in the numerical experiments we follow (3.1).
3.1. Error bound under satisfied link condition. We begin with the case where the link condition is satisfied. The following theorem shows that multi-penalty regularization equipped with an a posteriori parameter choice rule allows to achieve the best order of accuracy guaranteed by Tikhonov regularization.
Theorem 3.1. Let the link condition (2.7) be satisfied with s > 1, and
. Then for any (α, β) ∈ D(δ) such that α > 1, we have an order-optimal error bound
Before providing the proof we need to recall the notion of a Hilbert scale {X k } induced by the operator B, where X k is the completion of D(B k ) with respect to the Hilbert space norm x k = B k x . Proof. The difference between the exact solution x † and its approximation given by multi-penalty regularization can be bounded as
Keeping in mind that y δ = Ax † + ξ and α > 1 we can deduce from (2.10) that
Hence, it is sufficient to estimate x † − v 
In terms of the Hilbert scales the latter inequality can be rewritten as
The rest of the proof is based on the interpolation inequality
which holds for all r ∈ [−s, a], a + s = 0. Taking r = 2 − p and a = 1 we can continue as follows
which is the same as
Observe now that from (2.10) and (3.2) it follows that for α > 1 we have
Using this bound and the link condition (2.7) we get
Then we obtain
Using again interpolation inequality (3.5) with r = 0 and a = 1, we finally receive the statement of the theorem
Remark 3.2. Actually, one can choose α > α 0 > 0 changing the lower bound in (3.6) and eventually the constant in (3.7). However, the larger α 0 is the better and just to tie a bound we choose α 0 ≡ 1.
3.2.
Error bound under violated link condition. Now, assuming that the link condition is violated, we will show that the best order of accuracy guaranteed by Tikhonov-Phillips regularization is achieved by multi-penalty regularization equipped with an a posteriori parameter choice rule.
we have an order-optimal error bound 
Proof. From (2.10), (2.11) we get
Due to our choice of β (β > B
−2
A ), it gives us the following bound
Moreover, using the notation x δ α = (αI + A * A) −1 A * y δ and (2.10) we can rewrite
In view of the discrepancy domain principle it holds
Thus, if there are sets (α, β) that belong to the discrepancy domain and such that β is sufficiently large (β > B −2 A 2 )) then Tikhonov-Phillips regularization x δ α with the same α as in the pair (α, β) meets the discrepancy principle with a constantĉ > 1. Then from [20] it follows that for
is a nondecreasing function, we have
where the constant c 1 does not depend on δ and the order O(ϕ(θ
Therefore, for (α, β) meeting the discrepancy principle with a sufficiently large β we have
and the order O(ϕ(θ
4. Model function approximation for the discrepancy domain principle. In the present section we discuss a numerical realization of the discrepancy domain principle based on the model function approximation [13, 27, 14, 15] .
For the standard one-parameter Tikhonov-Phillips method it has been proposed in [13, 27] to implement the discrepancy principle by approximating the discrepancy Ax δ α − y δ locally by means of some simple model function m(α) of the parameter α which does not require the computation of x δ α . Then the underlying concept has been extended to the multi-parameter regularization. We may refer to [14, 15] for more details on this issue.
However, let us shortly mention that the existing approaches to the construction of a model function presuppose that values of the regularization parameters are smaller than 1. Therefore, they cannot be directly used in our case, since, as can be seen from the above theorems, the order-optimality is achieved under the assumption that (α, β) ∈ D(δ) and one of the parameters is sufficiently large. This forces us to consider a special form of the model function which allows for an approximation of the corresponding regions of the parameters, and which is able to satisfy the specifics of the presented multi-penalty scheme. For the subsequent analysis we need the following proposition which can be proven similarly to [13] . 
Proof. First it is useful to observe that for any function f of the form f (t) = Qx t − g 2 its derivative can be represented as
where x ′ t is the derivative of x t as a function of the index t. Using this observation, we have
Observe also that (2.10), (2.11) can be rewritten in the variational form as
Then, by taking g = (u ′ α in the second one of (4.1) and plugging them in the above representation for
Analogously, one can derive the representation for
By definition (2.9) and Lemma 4.2, we can rewrite (3.2) for (α, β) ∈ D(δ) as
Note that by taking g = u δ α,β in the first equation, and g = v δ α,β in the second equation of (4.1) and summing them up, we obtain
. Then, using this equality, we can derive
In the following, we discuss how one can construct a simple parameterized function, the so-called model function m(α, β), which preserves the main properties of the function F (α, β). To this end, we first derive a new form of the model function which provides an approximation taking into account our specific interest in the parameter choice. Then we present necessary specifications for each of the two cases, when either α or β is sufficiently large.
Model function construction.
Following the general concept [13, 14, 15] , we approximate
3) by some positive constant C 1 δ 2 , i.e., we get the approximate formula
Now we want to derive a surrogate function m(α, β) for which the above formula is exact such that we define
Solving this partial differential equation we obtain a parametric family of the solutions
where C 1 , C 2 , C 3 , C 4 are constants to be determined. We refer to the function (4.4) as the four-parameter model function. We want to realize an approximate solution to (3.2) by an iterative procedure, which, using the model functions of the form (4.4), produces sequences {β k (α)}, k = 1, 2, . . . , with the fixed α = α * > 1 and {α k (β)}, k = 1, 2, . . . , with β = β * > 1. To this end, we assume that α = α * , β = β k (α * ), or β = β * , α = α k (β * ), have been already found, and the minimizers u δ α,β , v δ α,β are given by the formulae (2.10), (2.11) for these values of the parameters. Then we determine C 1 , . . . , C 4 in such a way that the corresponding function (4.4) interpolates the function F (α, β) and its first order partial derivatives, as well as the mixed derivative at the given point (α, β). Then, it means that the parameters C 1 , . . . , C 4 should solve the system (4.5)
For clarity, below we derive the formula for the calculation of
∂β . By (2.10) we have that
∂β .
At first observe that the derivative of functions of the form z(β) = (βB 2 + C) −1 g is given by
Then, using this fact, we can easily deduce that (4.6) ∂v
Combining (4.6) with (4.5) and solving the above system of equations, we finally derive the formulae for the unknown coefficients at any point (α, β) ∈ D(δ) :
Then the model function (4.4) with the obtained coefficients (4.7) is used to find an updated value of the regularization parameter β = β k+1 = β k+1 (α * ), α * > 1, i.e., by solving in β the equation
which corresponds to the model function approximation of the discrepancy principle (4.2). It is easy to see that this equation is equivalent to a quadratic equation, and its solutions β = β k+1 , if they exist, are given as
Following a similar path, we can update the value of the regularization parameter α = α k+1 = α k+1 (β * ), β * > 1, by solving w.r.t. α the equation of the approximate discrepancy principle
whose solutions are given as (4.9)
Finally, we can formulate a parallel iterative algorithm based on the model function approximation in the form of an alternating procedure as follows:
Step 0. Given δ, c, y δ , A, α 0 >ᾱ, β 0 >β, (ᾱ,β) ∈ D(δ), set k = 0.
Step 1. (1) Fix α * > 1 and calculate − y δ ≤ cδ is satisfied; otherwise set k = k + 1, GOTO (1).
Step 2. (1) Fix β * > 1 and calculate
, and C 4 (α k , β * ) in accordance with (4.7), where α = α k , β = β * ; update α = α k+1 in accordance with (4.9), where we choose among α 
Properties of the model function approximation.
In this subsection we are going to show that the algorithm of the four-parameter model function approximation produces decreasing sequences of the regularization parameters {α k (β * )} with β * > 1 and {β k (α * )} with α * > 1 provided that in each step the discrepancy is larger than a given threshold.
In each updating step the discrepancy function
is approximated by the function
By definition
and for any k = 0, 1, . . . , we have
Now we show that the sequences of the parameters produced by the model function approximation are decreasing with k.
Theorem 4.4. Assume that for (α
is given by the formula (4.8) as the positive solution of the equation G m (α * , β) = c 2 δ 2 corresponding to the model function approximation of the discrepancy principle, then β k+1 < β k .
Proof. Observe that g(β) := G m (α * , β) is an increasing function of β since
Since
2 and the monotonicity of g(β), we have
A similar theorem is also valid for the case of α k+1 (β * ), β * > 1.
Remark 4.6. From the above theorems it follows that the discrepancy domain can be approximately reconstructed by taking grids of the parameters
Then one constructs two sequences {α k (β * )} for each β
) will converge and, as numerical experiments show, lie in the discrepancy domain.
Numerical realization and testing.
In this section we provide a computational confirmation that, as predicted by Theorem 3.1 and Theorem 3.3, multi-penalty regularization may perform better than the corresponding one-parameter counterpart. The regularization parameters for both one-parameter regularization schemes (2.3) and (2.6) are chosen in accordance with the discrepancy principle, whereas as the parameter choice rule for multi-penalty regularization we consider the newly introduced discrepancy domain principle in combination with the quasi-optimality criterion. The latter was originally proposed in [25] and has been recently advocated in [12] . Moreover, we show that the discrepancy domain can be accurately and fast approximated using the model function approach, introduced in the previous section.
Finally, motivated by some positive results in [14] , we also consider the threepenalty regularization scheme as a possible step towards generalization of the given multi-penalty regularization approach. Thus, we employ the idea of the quasi-optimality criterion to use the abovementioned "surrogates" as the performance indicators and choose in the discrepancy domain the pairs (α i * , β J ) and (α I , β j * ) that allow the minimum distance between the regularized solutions corresponding to two successive values of the regularization parameters:
Then, similar to the ideal case we choose the pair of the parameters as follows
As one can see below, such combination of the discrepancy domain principle and the quasi-optimality criterion is a quite flexible tool for choosing the regularization parameters. Moreover, it is easily implementable and its computational efficiency is justified with the use of the model function approximation approach, presented in the previous section.
Numerical Illustrations and Comparisons: Operators with Known
Singular Value Expansion. Similar to [1, 23] in our first numerical experiment we consider compact operators A and B −1 that are related as
where {a i }, {b i } denote sets of eigenvalues of the self-adjoint operators (A * A) 1/2 and B −1 correspondingly. Note that the knowledge of the singular value expansion of the operators allows us to verify easily whether the link condition (2.7) is violated or not.
In the first experiments the operators A and B −1 are given as diagonal matrices of the size n. The matrix corresponding to the operator A has diagonal elements a i = i −r , i = 1, 2, . . . , n, n = 50, r = 3. Further, we assume that the source condition (2.5) is satisfied with ϕ(t) = t p , p = 4, and the solution x † is given in the form of the n−dimensional vector
where g is a random vector which components are uniformly distributed on [0, 1] and such that g = 10; here and below · means the standard norm in the n− dimensional Euclidean space R n . Then the exact right-hand side is produced as y = Ax † . Noisy data y δ are simulated in the form y δ = y + ξ, where ξ = δ ǫ ǫ and ǫ is another random vector with uniformly distributed components. Both vectors g and ǫ are generated 100 times, so that we have 100 problems of the form (2.1) with noisy data y δ , and the noise level δ is given as δ = 0.01 Ax † that corresponds to 1% of data noise.
In accordance with the theory, under the source condition (5.2) Tikhonov-Phillips regularization may suffer from the saturation. On the other hand, this effect can be relaxed by using Tikhonov regularization with a proper choice of the regularization operator B for which the condition (2.7) is satisfied. At first, we choose the selfadjoint operator B such that the corresponding diagonal matrix has the elements b ii = b i = i, i = 1, 2, . . . , n. For the considered A, the chosen operator B satisfies (2.7) with s = 3. In the experiment, we use the discrepancy domain principle in combination with the quasi-optimality criterion for multi-penalty regularization and the classical discrepancy principle for the one-parameter counterparts. In all cases grids of the parameters are given by (4.10) with the initial parameters α 0 = β 0 = 10 −4 , q = p = 1.25 and N = M = 60. To assess the obtained results and compare the performance of the considered regularization schemes, we measure the relative error (RE)
The results are displayed in Figure 5 .1, where each circle represents a relative error in solving the problems with one of 100 simulated data, for each of the three regularization methods: multi-penalty regularization (MP), Tikhonov-Phillips regularization (TP), and Tikhonov regularization (Tikhonov). Moreover, in Table 5 .1 the statistical measures such as the mean, the median, and the standard deviation of the relative error, as well as the mean values of the regularization parameters are given for each of the methods.
On the other hand, if we consider the operator B, corresponding to the diagonal matrix with elements Table 5 .2 we can see that the saturation cannot be relaxed by Tikhonov method due to the fact that for the considered B the link condition (2.7) is violated ( B −s ≥ (n − 1) s ≥ 1 ≥ A ). At the same time, similar as it was observed in [23] , we can see that multi-penalty regularization equipped with the discrepancy domain principle and the quasi-optimality criterion shows performances at the level of the best single-penalty regularization.
Numerical Illustrations and Comparisons: First Kind Fredholm Integral Equations. In this subsection we are going to demonstrate that the compensatory property of multi-penalty regularization or even improvement in the performance can be observed in a more general case, when the singular value expansion of the operators is not known.
Similar to [14, 23] we generate the test problems of the form (2.1) by using the functions shaw(n) and ilaplace(n, 1) from the Matlab regularization toolbox [10] . These functions occur as the results of a discretization of the first kind Fredholm integral equation of the form
with a known solution f (t). As in the two previous experiments, the operator A and the solution x † are given as n×n−matrix and n−dimensional vector respectively. The noisy data y δ are simulated 100 times in the same way as above, i.e., y δ = Ax † + ξ with the noise level δ corresponding to 1% of data noise. Moreover, the penalizing operator is given as n × n−matrix and defined as B = (
is a discrete approximation of the first derivative on a regular grid with n points. We perform the experiment with the function shaw(n) that is a discretization of the equation (5.3) with a = −π/2 and b = π/2. The kernel and the solution are given as
The corresponding equation (5.3) is discretized by a simple quadrature with n equidistant points. Similar to [14, 23] we take n = 100. The results are displayed in Figure  5 .3 and Table 5 .3.
In the next experiment we consider the function ilaplace(n, 1), which occurs in a discretization of the inverse Laplace transformation by means of the Gauss-Laguerre quadrature with n knots and corresponds to the equation ( In Figure 5 .4 we show the relative errors produced by the three regularization methods. Moreover, Table 5 .4 presents a statistical information about the performance of the methods. Again superior performances of multi-penalty regularization are observed even when it is not known a priori whether or not the link condition (2.7) is satisfied.
Three-penalty regularization. Motivated by some positive results with a threeparameter regularization [14] , in this subsection we also consider the three-penalty regularization with a component wise penalization, in which the following form of the functional is considered
Then the regularized approximation x 5) . In order to write down the formulae for the minimizers explicitly, we, at first, introduce two linear operators
Then the minimizers u 
In our numerical experiments the operators A, B are the same as before and the second penalizing operator C = (D TD ) 1/2 is n × n−matrix, where (n − 2) × n−matrix
is the discrete approximation to the second derivative operator on the regular grid with n points. As in the previous subsection we consider the problems shaw(100) and ilaplace(100, 1) with 1% of noise in data to compare performances of the three-parameter regularization x Recall that for the one-parameter schemes we employ as a parameter choice rule the discrepancy principle and its corresponding modification for multi-penalty method with starting parameters α 0 = β 0 = γ 0 = 10 −4 and step-size q = p = l = 1.7 for
The results are displayed in Figures 5.5 and 5.6 in which the notation is similar to ones in the figures above. Note that the relative error corresponding to Tikhonov regularization with the penalizing operator C is denoted as "Tikhonov 2" in the respective figures. For the sake of completeness, we also indicate in Tables 5.5 and  5 .6 the mean, the median, and the standard deviation of the relative errors, as well as the mean values of the regularization parameters for all four regularization methods under the consideration.
Remark 5.1. In the considered experiments three-penalty regularization performs worse than the two-penalty one. It can be explained by the fact that x δ α,β,γ involves the penalizing operator C that produces the poorest regularization effect when it is used alone in x δ γ,C . The multi-penalty scheme is still able to compensate this poor regularization, but, in this case, this compensation appears at a lower performance level. In the previous subsection we have used the reconstruction of the discrepancy domain by a straightforward approach which consists in the direct calculation of the discrepancy Ax Recall that we are interested in the parts of the domain where one of the parameters α or β is sufficiently large, i.e., greater than 1. Thus, we will reconstruct these parts of the domain separately by means of the model function approach. To this end, we distinguish two cases:
1. If α > 1, then for each α i ∈ Q α N and α i > 1 the parameter β k+1 = β k+1 (α i ) is found by iterations (4.8) with an initialization α = α i , β 0 = 0.5. The stopping criterion for the iteration (4.8) consists in checking that Ax δ αi,β k+1 −y δ ≤ cδ.
2. If β > 1, then for each β j ∈ P β M and β j > 1, α k+1 (β j ) is found by (4.9) with an initial guess α 0 = 0.5 and β = β j . We terminate the iteration (4.9) when Ax δ α k+1 ,βj − y δ ≤ cδ. Then in accordance with Theorem 3.1 and Theorem 3.3 the domain below the points (α i , β k+1 (α i )) for all α i ≥ 1 and (α k+1 (β j ), β j ) with β j ≥ 1 can be seen as an approximate reconstruction of the discrepancy domain.
Remark 5.2. Note that because the definitions of β k+1 (4.8) and α k+1 (4.9) involve the solution of the quadratic equations at each iteration, it may not always be straightforward to pick β k+1 or α k+1 : it may happen that an equation has either two or no solutions. In the first case, when two solutions exist, one naturally would try to take the smallest positive value of the parameter. In the latter case, when no solutions exist, the following approximation formulae for β k+1 and α k+1 are used β k+1 = 4α * C 
